We use holographic QCD to study Pomeron-and Reggeon-mediated central production in Regge regime hadronic scattering. We focus specifically on η production in proton-proton collisions. While previous work studied the Pomeron-mediated process, the mesonic Regge trajectories ("Reggeons") we now incorporate contribute significantly at experimentally probed energies. We use the five-point open string amplitude (in flat space) to construct approximate propagators for the Reggeon states, and the five-point closed string amplitude for the Pomeron. Using these "holographic" Reggeons and Pomerons, and low-energy couplings derived in the Sakai-Sugimoto model, we compute the differential and total cross sections at √ s = 29.1GeV. Our calculation of the total cross section is σ = 236 nb, while the experimentally measured value is σ = 3859 nb. The discrepancy between our result and the measured value may indicate that our model systematically underestimates the values of the relevant coupling constants.
I. INTRODUCTION
propagators-are modified in the Regge regime. The pp → ppη process has an additional advantage: it is naturalparity violating, so that in the dual model the coupling arises from a Chern-Simons action. This means, in practice, that its interaction with Pomeron or Reggeon trajectories is dictated by a small number of couplings, whose values are relatively model independent (as described in more detail below). It can thus be used as a means to study gauge-string duality in general, rather than just one specific low energy model.
In this work, we complete the study of the pp → ppη process in the Regge regime. The work of [10] included only Pomeron exchange. Here, we include Reggeon exchange as well, which gives a significant contribution at the energy ( √ s = 29.1 GeV) where experimental data exists. This process requires us to generalize the techniques of [10] to include open string processes. New subtleties arise in defining the Reggeziation prescription for open string amplitudes, and the modification of internal open string vertices. The outline of this work is as follows: in Section II we briefly review holographic QCD and the Sakai-Sugimoto model. We then sketch the derivation of and results for the relevant meson, glueball, and baryonic vertices, most of which have already appeared in the literature. Using these vertices, we compute the differential cross section for pp → ppη mediated by the lightest (and lowest spin) particles on the Regge trajectories, in section III. In Section IV we describe our new "Reggeization" procedure for lifting the low energy amplitudes to their Regge limit equivalents, and compute the differential cross section, including both Pomeron and Reggeon contributions, in the Regge regime. In Section V we display numerical results for the (differential) cross section and compare to existing data, finding a significant discrepancy between the two. In Section VI we summarize our results and provide concluding thoughts. Appendix A includes the details of the calculations for Reggeization.
II. LOW ENERGY COUPLINGS FROM HOLOGRAPHIC QCD
Holographic QCD is based on the assumption that there exists a string theory on a (hyperbolically) curved 5d space that is dual to QCD. In other words, the physics of the 4d gauge theory (QCD) can be mapped onto objects and processes in the 5d dual. While the exact form of the 5d dual theory is difficult to write down, approximate frameworks capturing the symmetry and symmetry-breaking patterns of QCD can help us gain insight into hadronic physics, and into gauge-string duality itself.
A variety of holographic QCD models have appeared in the literature, but most have the same general structure. Weak coupling and weak curvature in the string theory map to large N c and strong coupling in QCD. Perturbative calculations in the string theory thus model strongly coupled large N c QCD behavior. In general, holographic QCD models make use of string theory in the presence of intersecting stacks of D-branes. When the number of branes in the "color" stack is taken to infinity, we can treat the color stack entirely in terms of its supergravity background (in other words, how the stack deforms spacetime). Closed strings living in the background have no color or flavor indices 1 and are thus dual to glueball states. Open strings (coresponding to mesons) can only end on stacks of (probe) D-branes that reproduce the flavor group. They transform in the (anti)fundamental of the flavor group, and are thus associated with mesonic states. Baryons arise in a somewhat more complicated manner. In large N c QCD, their masses are proportional to N c . In holography, this behavior is associated with wrapped D-branes which are point-like on the flavor branes. They interact with the fields on the flavor brane: one can equivalently think of them, therefore, as solitons of the flavor brane action.
For concreteness, we use the Sakai-Sugimoto model [1] , which we now describe in more detail. This top-down construction has the advantage (over successful bottom-up models such as [11] ) that it contains relatively few free parameters, and unambiguously prescribes all low-energy couplings via the supergravity action.
The supergravity background is generated by a stack of N c D4-branes (N c → ∞). Wrapping the D4-branes around a spacelike direction of finite radius [12] induces confinement in the gauge theory. The spacetime, as a result, assumes a cigar-like geometry. In the limit of vanishing string length, the closed strings propagating on the curved background reduce to the supergravity fields: the metric, the dilaton, etc. The graviton lives in 10d, but one can decompose it according to the transformation properties of its components under the 4d Lorentz group. In addition to scalar and spin 1 pieces, the graviton contains a part that transforms as a 2 ++ state in 4d. This corresponds to the spin 2 glueball, the lightest state on the Pomeron trajectory, which is the only glueball of interest to us here.
Adding stacks of N f D8-branes and N f D8-branes to the D4 background models the U (N f ) L × U (N f ) R flavor symmetry. Open strings ending on these "flavor branes" are dual to mesons. When N f N c , we can treat the D8s as probes. That is, we neglect their backreaction on the D4-brane geometry, and simply find the energy-minimizing shape they assume in the curved background. For this "cigar" background geometry, the D8 and D8 stacks join together and form a U -shape. This is a geometric realization of chiral symmetry breaking: near the boundary of the space (dual to high energies) the flavor configuration looks like two stacks of branes, symmetric under swaps of the D8s and D8s. In terms of the field theory, this is symmetric under chiral symmetry transformations. Near the bottom of the space (the tip of the cigar), the branes fuse into a single stack. The U (N f ) L × U (N f ) R flavor symmetry is broken to U (N f ) V . The fields living on these flavor branes correspond to meson states. The only relevant field for us is the non-abelian gauge potential A M . This has parts that transform as vectors under the 4d Lorentz group, which correspond to vector mesons like the ρ and ω. The parts of A M that transform as scalars, meanwhile, correspond to towers of pseudoscalars: the η, the πs, etc.
As N c → ∞, the D4 branes deform the spacetime to a metric of the form
(1)
The x µ (for µ = 0, 1, 2, 3) denote flat "field theory" coordinates parallel to the D4 stack, while x 4 ≡ τ represents the direction wrapped by the D4s, with τ ∼ τ + 2πM
KK . The radial direction perpendicular to the D4 stack is U . To eliminate a possible conical singularity, the radial coordinate U is bounded from below at a finite value U ≥ U KK . The remaining directions form an S 4 transverse to the branes with dΩ 2 4 the associated metric and 4 its volume form. The length scale R describes the curvature of the spacetime. We can express the Yang-Mills coupling g Y M and the Kaluza-Klein mass M KK in terms of supergravity parameters U KK , the string coupling g s , and the string length l s :
The low energy field theory will then depend only on these two free parameters, whose values we need to fix in order to generate a fully predictive framework. We will take the standard approach of using the experimental values of the ρ meson mass and the pion decay constant to do this. It is possible that better agreement between this model and QCD might be obtainable by using a range of experimental values, but since we are interested only in a heuristic estimate for our final results (and because we know that Sakai-Sugimoto is not an exact QCD dual) it seems reasonable to use this simpler approach. In the Sakai-Sugimoto model [1] , one finds
The observed values are m ρ = 776 MeV, f π = 93 MeV.
As noted above, the flavor D8s assume a U -shaped solution in the (U, τ ) plane, described by
This solution depends on a constant parameter U 0 , which denotes the lowest radial point the flavor branes reach along the U direction. We set U 0 = U KK in what follows. The lowest (radial) point of the flavor brane stack thus passes through the lowest point in the spacetime. In this case, the endpoints of the D8 stack as U → ∞ lie at antipodal points on the τ circle. The full system is described by the bulk supergravity and flavor brane actions:
Here κ 10 is the 10-dimensional Newton constant,
s is the D8-brane tension,g M N is the pullback of the background metric onto the D8-branes, and 
The D8-branes wrap the S 4 transverse to the D4-branes in (1), but we will assume that none of the fields depend on these coordinates. We can thus trivially integrate out the S 4 in what follows. S DBI is the standard DBI D-brane action. When decomposed order by order in fields, it yields kinetic and interaction terms for the brane gauge fields.
In the Ramond-Ramond (RR) action, meanwhile, C denotes a sum over background RR forms. In our case, the only non-zero contribution comes from C 3 , whose field strength is proportional to the volume form on the S 4 . Since the integral is over the D8 worldvolume, we have to fill in the six remaining directions in the wedge product with factors of the gravitational curvature two-form R, and the gauge field strength two-form F . These factors will appear in the expansion of the exponential
and of the A-roof genusÂ(R), a sum over Pontryajin classes (p i ):
Note that this trace, unlike the one in S RR , is over the Lorentz indices of the curvature two-form, related to the Riemann tensor as
We stress that the central vertices in our 2 → 3 process will come entirely from these Chern-Simons terms, and are related to the gauge and mixed gauge-gravitational anomalies in QCD. As a result, the couplings and the low energy amplitude are relatively model-independent.
In principle, the above actions contain all of the possible excitations in the system, including baryons. As noted above, baryons are solitons of the flavor brane fields, but treating them as classical solitons is not only analytically difficult, it ignores the fermionic nature of these objects. It will be more convenient and accurate, then, to introduce an effective action for the protons, that appropriately models their fermionic properties. We describe this effective action, S f , in subsection II C.
Let us now consider the relevant parts of the spectrum and couplings in more detail. Each brane and bulk field can be decomposed in a Kaluza-Klein tower of modes along the U direction. The free equation of motion for the field amounts to an eigenvalue equation as a function of U , with the eigenvalue being the 4d momentum squared, k 2 . Solutions to the equations of motion which vanish rapidly as U → ∞ are "normalizable modes" and serve as the KK basis in which to expand the 10d fields. Individual meson and glueball states are dual to normalizable modes associated with a given eigenvalue -i.e. a given fixed value of the 4d mass squared. The cigar shape of the geometry (i.e. confinement) gives rise to a discrete spectrum. Each 10d field generates a tower of states, with the same spin, C, P quantum numbers, but higher and higher masses. The masses are inversely proportional to the radius of compactification in the τ direction.
2 Evaluating the supergravity action on these mode expansions, and integrating out the U direction, one finds an effective 4d Lagrangian with an infinite number of 4d mesons and glueballs, along with couplings between them. Here, we are only interested in the lightest of these KK states, equivalent to the lightest states on the leading meson and glueball Regge trajectories -which dominate in the Regge regime.
A. Glueballs
The 10d graviton h M N contains pieces that transform as spin 0, spin 1, and spin 2 objects in 4d. These are dual to spin 0, 1, and 2 glueballs. Only the latter (h µν ) is relevant to our analysis. The glueball spectrum was originally derived in [2] . Here we simply rewrite [2] 's results in terms of our coordinates and parameters.
We expand the action (6) to second order in small perturbationsh AB around the background metricg AB given in (1):
Choosing a gauge where h is traceless we can write the spin 2 piece as an expansion over eigenfunctions along u, a dimensionless version of the radial coordinate U :
so thenh
whereT n (u) are the wavefunctions in the u direction, and h (n) µν are the coefficients in the expansion (which correspond to 4d states). Note that in terms of u, the function f (u) appearing in the metric is f (u) = 1 − u −3 . Since we are only interested in the lightest of these spin 2 glueball states, we drop the (n) indices and takeT (u) ≡T 1 (u).
Varying (6) with respect toh µν , one finds an equation of motion that defines the radial wavefunctionT (u):
Choosing the normalization condition forT (u) to be
we can integrate over u to find the canonically normalized 4d kinetic terms in the action for the massive spin 2 glueball state:
B. Mesons
The meson spectrum and wavefunctions are determined by expanding the DBI action to quadratic order in the brane gauge field A M . The u-dependent wavefunctions for these states were determined and discussed in [1] . We review the essential results here.
A M contains modes which transform as 4d spin 1 and spin 0 states, dual to (axial) vector mesons and pseudoscalars, respectively. As we did for the glueballs, we can expand solutions to the spin 1 and spin 0 states' equations of motion in the basis of u-dependent wavefunctions on the D8 branes. Again, the boundary conditions produce a discrete spectrum. The corresponding wavefunctions alternate parity under exchange of D8 branes to D8s, which corresponds to switching U (N f ) L ↔ U (N f ) R in the dual field theory. The lowest modes (the ones of interest to us) have even wavefunctions and correspond to vector states such as the ρ and ω, with the next modes up having odd wavefunctions and corresponding to axial vector states 3 . The quark mass is zero in the Sakai-Sugimoto model, so the pseudoscalars, which include π and η, are the Goldstone bosons of chiral symmetry breaking. Their duals are housed in the longitudinal part of A M -which makes sense because A M is dual to the (broken) axial current. Our gauge choice for the A M solution essentially determines whether the pseudoscalars are carried in the A U or in the longitudinal part of A µ , ∂ µ A µ (which are related by a gauge transformation). We will use A U = 0 gauge in what follows. Note that the Sakai-Sugimoto framework implicitly assumes that the vector flavor symmetry is preserved, so all mesons of given spin and parity have the same mass (e.g. the ρ and the ω).
Expanding the DBI action to quadratic order in A µ (again, assuming no dependence on the S 4 ), we have
Note that u only parameterizes half of the D8-D8 stack, so we impose the even(odd)-ness of the wavefunctions as a boundary condition at the bottom of the space. In the UV (as u → ∞), the solutions must decay quickly enough to guarantee a canonically normalized kinetic term in the 4d action. Overall, we have
where φ(x) represents the massless Goldstone bosons (η and π, e.g.), and A
µ corresponds to ρ and ω mesons. The ψ n 's obey the equation of motion and orthogonality relation
These expressions hold for all of the flavor generators, so that ρ and ω have the same wavefunction. The mode φ is massless, and its wavefunction ψ 0 is
This mode corresponds to the pseudoscalar mesons. Everywhere we take N f = 3. We are ultimately interested in an η final state, which is a linear combination of the T 0 and T 8 components:
θ m = −11.05 o is the (experimentally observed) mixing angle. Note that both the η 0 and η 8 appear in our analysis: the former couples to glueballs in the central vertex, while both couple to the vector mesons.
Integrating out the u direction, one finds the quadratic action for the mesonic states of interest,
where we have defined
and similarly for ω.
C. Protons
In AdS/QCD models, baryons are dual to finite volume D-branes. In the Sakai-Sugimoto model specifically, they are D4-branes embedded in the worldvolume of the D8-branes, wrapping the S 4 . In terms of the worldvolume fields, these wrapped branes are 5d, curved space solitons for which no analytic solutions exist. The solutions have been studied in various limits [3] , and a full (numerical) solution was found in [13] .
All of these classical treatments are flawed, however, in that they treat baryons as a spinless states. Spin arises only with the semi-classical quantization of the collective coordinates on the soliton. It is helpful, then, to introduce an "effective" fermion field B on the D8-brane worldvolume, with a u-depended effective mass [14] [15] [16] [17] [18] . This is somewhat ad-hoc because this field does not appear in the DBI action, but it does more accurately model the Lorentz transformation properties of the proton states (and hopefully the proton-meson and proton-glueball couplings). Many of the parameters appearing in the action are derived by assuming that the baryon is a 5d instanton. The effective fermion technique is therefore an educated guess at the semi-classical quantization of the baryon states.
We use this effective fermion approach in what follows. Our starting point is the 5d action of [16] , which encodes both the effective fermion's kinetic terms and its coupling to the graviton [15] and gauge fields:
Note that our conventions differ slightly from those of [16] . The indices M, N run over the 5 dimensions {0, 1, 2, 3, w}, where w is a (dimensionful) redefinition of the dimensionless radial coordinate u,
chosen so that the radial coordinate has finite range [−w max , w max ], with
The 5d vector field A M transforms in the adjoint of the full N f = 3 flavor brane gauge group. Since we are interested in protons alone, however, we can just look at the U (2) corresponding to isospin in the field theory:
where σ a are the sigma matrices, and I 2 is the 2 × 2 identity matrix.Â contains the ω meson, while A 3 contains the ρ. The gauge covariant derivative D M is given by D M = ∂ M − iA M as usual, and the field strength
We have written the 5d action in terms of effective w-dependent "couplings" e(w), g 5 (w) and "mass" m b (w). These are simply names for the various metric factors that appear as coefficients in 5d action. e(w) is the (inverse) coefficient of the gauge kinetic term,
The baryon's (w-dependent) "mass" is then given by
where the first term comes from wrapping the D4-brane around the finite volume S 4 , and the second comes from the Coulomb energy of the baryon. ρ b represents the size of the soliton,
(
The 5d fermion B is a four-component spinor, and a two-component (fundamental) representation of U (2) isospin. The first component of the isospin fundamental corresponds to the proton, the second to the neutron.
The quadratic order terms in the fermion action are
We can split B into two spinors B L,R , where
Assuming, separation of variables we can write these as an expansion in terms of w-direction eigenfunctions,
As before, we are only interested in the first state on the KK tower, and drop the (n) index in what follows. The 5d equation of motion for the fermion,
becomes (after some simplification)
If we want to reassemble the 4d Weyl spinors B L,R into a single 4d Dirac spinor B, we need
where m B is a 4d mass.
By analyzing the equations of motion, we can show that f L (w) = ±f R (−w). One can then solve (numerically) for the f L (w) eigenfunctions, which must obey the normalization condition
in order to guarantee a canonically normalized 4d kinetic term. The 4d action for the proton is then just the usual action for a massive Dirac fermion,
Here Ψ stands for the isospin component of the spinor B that corresponds to the proton.
D. Low energy couplings
The couplings involving mesons and glueballs are calculated in the literature [1, 10, 19] . Most of the protonproton-meson [16] [17] [18] and -glueball couplings [9] are also known. We just sketch the 10d origins of these couplings here.
Meson-meson-meson and glueball-glueball-meson vertices
The central vertices in the pp → ppη process of interest couple two glueballs to the η, or two vector mesons to the η. These natural parity-violating couplings come from the Ramond-Ramond action, S RR . Expanding in the gravitational curvature R and gauge field strength F , we find
where ω 5 (A) is the Chern-Simons five-form. Again, we assume no fluctuations along the S 4 . The background RR four-form F 4 = dC 3 is (crucially) proportional to the volume form on the S 4 , so integrating out the S 4 just gives a factor proportional to the volume of a unit S 4 . The first term in equation (40) contains the glueball-glueball-η coupling, and was studied in [10] . The second term consists of gauge fields alone, and produces meson-meson-η couplings derived in [1, 19] , which generate the Reggeon-Reggeon-η vertex. While naively one might think that there also glueball-meson-eta couplings, it is straightforward to see that they must vanish: the coupling will involve a factor of the epsilon tensor, and there is no way to contract this into the Lorentz indices of the glueball and meson states in a way that yields a non-zero result. This will simplify our calculations significantly in later sections.
The 4d effective couplings are integrals over u of products of wavefunctions. For instance, writing the gauge field as a sum of even and odd parity parts, V and A, the gauge Chern-Simons piece gives
where in the final equality we use the fact that we are in A u = V u = 0 gauge. Inserting wavefunction expansions
, integrating by parts, and using the cyclicity of the trace, we find
Integrating over the u direction, we obtain (constant) 4d couplings, with action terms of the form
The numerical values for all coupling constants are collected in table I, in section V. The (more complicated) glueball-glueball-η vertices [10] are derived from the mixed gauge-gravitational ChernSimons term in a similar way. The first term in the second line of the RR action (40) takes the form
Because the (gauge index) trace is over A M alone, only the U (1) part of the D-brane gauge field couples to the gravitons (housed in the Riemann tensors). We are interested in η, which lives in the longitudinal part of A µ . Plugging in the wavefunctions in the radial direction and integrating out we are left with interaction terms of the form
As was noted in [10] , the structure of the above expression is dictated by the form of the Chern-Simons action. This structure is therefore relatively model-independent, though the specific values of the coupling constants depend on the details of the Sakai-Sugimoto model. The structure of this coupling will play a significant role in the behavior of the Pomeron-mediated portion of the cross section for central production.
Proton-proton-meson and proton-proton-glueball vertices
The proton-proton-meson and proton-proton-glueball couplings come from the fermion-fermion-gauge field and fermion-fermion-graviton terms in S f . The former, described in detail in [16, 17] , are obtained by plugging the mode expansions of the fermions and gauge fields into S f .
There are two types of 5d interaction terms, referred to as the minimal coupling, and the magnetic coupling. After integrating out the S 4 , these become:
Again, A N refers to the 5d gauge field. As before, we work in A u = A w = 0 gauge. Selecting the lightest mass eigenfunction in A µ and integrating over w, one finds the effective 4d minimal coupling of the lightest vector to the fermionic isospin doublet:
where
The couplings from the second term in (47), B γ M N F M N B , are derived in a similar way [16, 17] . Note that there are two types of couplings from this term: one that comes from the γ 5µ F wµ = γ 5µ ∂ w A µ and one from γ µν F µν . Integrating out the w direction, one finds the effective 4d magnetic couplings to the lightest vector mesons:
When we rewrite this in terms of couplings involving the physical proton, ρ, and ω, we find that the magnetic couplings vanish for the ω, because the instanton carries only non-abelian field strength. For the ρ meson, the effects of λ (V ) andλ (V ) simply add together. Thus we have action terms of the form
The glueball coupling [15] comes from the metric factor in the fermion kinetic term,
This approximately gives a coupling of the graviton to the energy momentum tensor of the protons T (Ψ) at the bottom of the D8 stack. In this case, we have the effectively 4d interaction
Form Factors
In addition to the couplings, we also include proton form factors at the interaction vertices with the glueballs and mesons. The form factors associated with the vector mesons are commonly taken to have a standard dipole form,
with an empirically determined dipole mass M dv [20] . We follow that convention here. There are no experimental data on glueball interactions with the proton. However, in the holographic dual theory, the spin 2 glueball couples to the proton's energy momentum tensor, so we can simply use the energy momentum tensor's form factor(s). The matrix element for the energy momentum tensor between proton states can be written as
Here, k = p − p and P = 1 2 (p + p ). As described in [9] , only the first term contributes significantly to scattering processes in the Regge limit. We approximate this with a dipole form as well,
with the dipole mass M 2 dg calculated from a skyrmion treatment of the protons [21] . Both dipole masses are given in table I, in section V.
E. Summary of Full Low-Energy Lagrangian
We can now assemble the low energy Lagrangian relevant to our model:
where the quadratic proton, meson, and glueball Lagrangians are given (in position space) by
and the interaction terms (in momentum space) are
with
for P µ = p+p 2
The values of these couplings, calculated as described above, are summarized in Table I .
III. THE FEYNMAN AMPLITUDE AND THE CROSS SECTION
Having determined the effective Lagrangian for the low energy pp → ppη process using the Sakai-Sugimoto model, we can now calculate the low energy cross section for η central production mediated by the 2 ++ glueballs, and by the ρ and ω mesons. In the next sub-section we introduce the kinematics and define variables. After that, we write down the scattering amplitudes and determine the cross section.
A. Kinematics and Phase Space
Let us first review the kinematics of 2 → 3 scattering and approximations to be made in the Regge limit. We denote the four-momenta of the incoming protons as p 1 and p 2 , that of outgoing protons as p 3 and p 4 , and that of η as p 5 . In the "mostly-plus" convention, these satisfy the mass-shell conditions 
and energy/momentum conservation
We will denote the momentum of the mediating mesons and glueballs as k 1 = p 1 − p 3 and k 2 = p 2 − p 4 . The Mandelstam variables that define the five-point amplitude can be written as For scattering in the CM frame, we take
In order to effectively compare with experimental results, we will be parametrizing in terms of four quantities:
The third of these, x F , is the fraction of longitudinal momentum, defined according to
The fourth quantity, θ 34 , is the angle between the outgoing protons' transverse momenta:
In what follows, we will consider a Regge limit such that
where m i stands for any of the external particle masses, and the quantity
is held fixed. 6 As was shown in [10] , the cross section is in the Regge limit is dominated by the region of phase space near x F = 0, allowing the the total cross section to be approximated as
We may also use the Regge limit to approximate
B. Amplitude
The pp → ppη amplitude contains terms corresponding to the exchanges of vector mesons (both ρ and ω) and of glueballs.
The structures of the two vector-mediated terms are the same, only differing the the values of coupling constants and masses. The Feynman diagrams for each are shown in Figure 1 . To write down this amplitude, we will need the following vertices and propagators. The propagator for the vector mesons is
where k is the momentum of the vector meson, and m v is the mass of either ρ or ω. Only the first term will contribute to the Regge limit amplitude. The spin-2 glueball propagator, as given in [22] is
Here, k is the momentum of the glueball. Only the first term of this tensor will end up mattering in the Regge limit, just as above.
The vector-vector-pseudoscalar vertex is given by
where g is either g ρρη or g ωωη , and the glueball-glueball-pseudoscalar vertex is
Finally, we have the proton-proton-vector vertex
where λ can be either λ ppρ or λ ppω andλ is eitherλ ppρ orλ ppω = 0, and the proton-proton-glueball vertex
where P ≡ (p + p )/2 with p = p 1,2 and p = p 3,4 . This leads to the amplitude terms
and
C. The Differential Cross Section
In order to calculate the differential cross section, we then want to find the square of the magnitude of the amplitude, average over incoming spin states, and sum over outgoing spin states, which gives:
In the Regge limit, using equations (79), (87), (88), and (89), the differential cross section for the low energy process becomes
The overall factor of t 1 t 2 sin 2 θ 34 in this expression comes directly from the natural parity violation: any vertex structure we could write down that violates natural parity would yield such dependence. Furthermore, the term associated with Pomeron exchange involves additional dependence on θ 34 , in a structure that derives from the ChernSimons action (and is thus independent of the specifics of the Sakai-Sugimoto model).
Note also that the first term in the curly brackets comes from the magnetic coupling between the protons and the vector mesons; it applies only to the ρ meson, and does not end up contributing to the cross term A *
IV.
REGGEIZING THE PROPAGATORS
In the Regge regime, central production of the η meson in pp collisions should involve exchange of meson and glueball Regge trajectories. In this section we determine how to modify low energy amplitudes using the effective Lagrangian (60) to include entire Regge trajectories of possible mediators.
The magnitude of the contribution from a given Regge trajectory is primarily determined by the value of the Regge intercept. If the Regge trajectory of the mediator is described at positive t as J = α(m 2 ) = α 0 + α m 2 J , the amplitude will be proportional to s α(0) , which means the cross section scales as s 2(α0−1) . At the highest energies, the Pomeron dominates: its intercept is α g0 = 1.08 (based on fitting to proton-proton scattering data [9] ). The intercept for vector mesons ρ and ω is α v0 = 0.456, from a linear fit to known meson masses [4] . As the energy decreases, the contribution from these Reggeons increases. At the energies we are most interested in, the Reggeons provide the dominant contribution. The next largest contribution would come from the axial-vector meson trajectories corresponding to the a 1 and f 1 mesons. However, the known experimental masses suggest 8 that the intercept for these trajectories is even lower, α a0 ∼ −0.4, and that as a result their contribution is negligible at the energies we are working at. We have therefore omitted them from this work.
The trajectories described above are the effectively 4d trajectories one can (in principle) derive from the string dual system. We now turn to the properties of these states in the dual model. Mesonic Regge trajectories correspond to open string excitations, while glueball trajectories correspond to closed string excitations. Though these strings live in a 10d curved space, the spacetime curvature is weak. We will therefore assume that we can model curvature effect by simply shifting the 4d Regge trajectory parameters from their flat space values into agreement with physical mesons and glueballs.
Our goal is to use 5-string amplitudes (of both open and closed strings) to understand how to "Reggeize" propagators of light meson and glueball states, to take into account contributions from the whole trajectory. We will start with calculations in flat-space bosonic string theory, and then modify these to account for the physical trajectories. In previous work, this technique was applied to proton-proton scattering via Pomeron exchange, by analyzing the Virasoro-Shapiro amplitude [9] and to central eta production via double Pomeron exchange, by studying the 5-closedstring amplitude [10] . The procedure for proton-proton scattering via Reggeon exchange is based on a comparison of Veneziano's original result with the classic flat-space bosonic open string calculation [6] . Our results are also consistent with what can be obtained by considering the analyticity requirements for multiparticle scattering amplitudes [23] .
We first briefly review the 4-string calculations in order to establish our procedure for generalizing flat-space bosonic strings to physical Regge trajectories. We then summarize the previous results using the 5-closed-string amplitude. Finally, we use our procedure on the 5-open-string amplitude. In appendix A we present the details of all relevant calculations for this section.
A. Review of Reggeization Procedure for Elastic Proton-Proton Scattering
Suppose we were analyzing elastic proton-proton scattering via the exchange of Reggeons and Pomerons. In order to Reggeize the propagators we should begin with the 4-open-string and 4-closed-string amplitudes in flat space bosonic string theory, before modifying these amplitudes to account for the physical Regge trajectories.
For open strings, we want the exchanged states to have odd spin, so we should project out poles associated with the exchange of even spin particles. (If we wanted to exchange even spin meson trajectories, we would project out the odd states.) For the closed string this involves shifting the Regge trajectory so that the lowest particle on it is spin 2. In both cases, we also need the Regge trajectories to have the physically relevant slopes and intercepts, and require that the incoming and outgoing particles have mass equal to the mass of the proton.
The bosonic open string four-tachyon amplitude 9 can be written as a sum of three terms,
Each term takes the formÃ
with a o (x) = 1 + α x. α the Regge slope for bosonic, flat space string theory (so α is inversely proportional to the string tension). In order to relate this to vector meson exchange in proton-proton scattering, we will replace the function a o (x) with the Regge trajectory of vector mesons α v (x). This trajectory should satisfy
and in particular 1 = α v0 + α v m 2 v for the vector meson. We also need to assume s + t + u = 4m 2 p , so that the incoming and outgoing particles are protons. This implies we should have
which we can use to rewrite dependence on u in terms of s and t. If we then expand these terms around poles corresponding to t-channel exchange, we notice that onlyÃ(s, t) andÃ(u, t) possess such poles, and thusÃ(s, u) should not really be a part of the Reggeization process. In addition, in order to only include particles on the vector meson Regge trajectory (those with odd spins), we must use the difference betweenÃ(s, t) andÃ(u, t). In doing so, terms corresponding to the exchanges of even spin particles cancel, while those corresponding to the exchanges of odd spin particles add (see Appendix A for further details). Thus we write
We can then determine the appropriate Reggeization by expanding this expression around the α v (t) = 1 pole (corresponding to exchange of the lightest vector meson) and comparing this with the Regge limit of it. By doing so, we obtain the prescription
This, notably, does not depend on the constant χ v . If we want to follow the same procedure for the glueball trajectory, we begin instead with the bosonic closed string four-tachyon amplitude, which can be written as
where a c (x) = 1 + α x 4 . We again replace the dependence on the function a c (x) with a dependence on the physical Regge trajectory of glueballs, α g (x), which should satisfy
(98) 9 The external states are not relevant to this analysis; we choose the tachyon amplitude for simplicity.
Note that we need to do make the replacement in such a way that poles exist only for even spin particles, and that the lowest lying particle on the trajectory is a spin-2 glueball with mass m g , with 2 = α g0 + α g m 2 g . This means replacing a c (x) with α g (x) − 2. Note that if the incoming and outgoing particles are protons, we will have
We can then achieve the desired result by writing
Again we determine the appropriate Reggeization by comparing the pole expansion to the Regge limit, which gives us
where the dependence on χ g is introduced when we replace dependence on u with dependence on s and t. Note that in this case, unlike for the open string amplitude, χ g does not end up canceling out.
B. Review of the 5-Closed-String Reggeization Process
Having determined a Reggeization procedure for meson and glueball propagators appropriate to elastic protonproton scattering, we now turn to the more complicated case of central production, where there is a (possibly Reggeized) central vertex. We begin with the Reggeization process for the glueball propagators in central η production, analyzed previously in [10] . Our starting point is the dual 2 → 3 process: the closed bosonic string 5-tachyon amplitude as analyzed in [24] , which can be written as an integral over two copies of the complex plane:
This amplitude is difficult to compute in closed form, though it can be written in terms of generalized hypergeometric functions [25, 26] . However, we will examine it instead by taking the Regge limit under two different conditions, depending on the value of α µ 4 , where µ = s1s2 s is the kinematic parameter held constant in the Regge limit and α is again the Regge slope for bosonic, flat space string theory. If α µ 4 is large, then we obtain
which we recognize as essentially the product of two 4-closed-string amplitudes in the Regge limit. On the other hand, if α µ 4 is small then we obtain
.
When we modify this to take into account a physical Regge trajectory of glueballs, we will be concerned with the product
The value of µ is primarily determined by the mass of the centrally produced eta meson: µ ∼ m 2 η , and we know α g = 0.3 GeV −2 based on fitting to proton-proton scattering data [9] , which gives α g µ 2 ∼ 0.04. This is clearly more consistent with using the second expression. If we were following the same procedure as we did for the 4-string amplitudes, we would now want to modify this expression to fit the physical Regge trajectory and then compare it to a pole expansion. The fact that we do not have the amplitude calculated exactly in closed form makes this difficult. However, we can instead assume that in the large α g µ 2 limit we simply have two copies of the rule given (101), and use this to deduce the rule for small α g µ 2 . This leads to the prescription
Note that there is some ambiguity here. In proton-proton scattering we introduced the dependence on the factor χ g to account for the fact that the incoming and outgoing particles had to have the masses of protons; it arose from the mass-shell condition on the Mandelstam variables. Here we have assumed that some of the gamma function terms must be shifted in a similar way. However, there is no real reason to suppose that exactly the same factor of χ g should be introduced: in fact we would naively expect that it should now also depend on the mass of the centrally produced η meson. It is also worth mentioning that the procedure used here (and for the 5-open-string amplitude) is different than that used for the 4-string amplitudes. In those cases we were able to start from string amplitudes written in closed form, in terms of gamma functions. Here, we chose to apply the Regge limit while the amplitude was still in integral form. There is some evidence that this distinction might matter: applying a similar integral-based technique to the 4-closed-string amplitude generates a result that differs in the value of χ g [27] . This is another reason to consider the choice of χ g in the above expression to be slightly suspect. However, changing the value of χ g should not change the result significantly, provided it is negative and O(1), so we will use the same value as before.
C. The 5-Open-String Reggeization Process
We turn finally to our new result: the procedure for Reggeizing the vector meson propagators connected to a central vertex. This time we begin with the open bosonic string 5-tachyon amplitude, which can be written as
In the Regge limit, the integral is dominated by regions near four points, given by x ∼ ± 1 s1 and y ∼ ± 1 s2 . We can therefore split up the region of integration into four separate pieces, each of which contains one of these points. These four terms are analogous to the two expressionsÃ o (s, t) andÃ o (u, t) that contributed to the Reggeization process for elastic proton-proton scattering. Just as was required there, we will need to use a particular linear combination of these terms that allows us to project out poles associated with the exchange of even-spin particles. These integrals, like the ones we encountered in the 5-closed-string amplitude, are difficult to compute in closed form, so we again expand in the large α µ and small α µ limits. Following this procedure for the large α µ limit gives us
which again is straightforward to identify as being essentially two copies of what we had for the 4-string amplitude.
On the other hand, small α µ gives
When we modify this result to take into account the physical Regge trajectories, we will be concerned with the product α v µ. We know that α v = 0.89 GeV −2 from a linear fit to known meson masses [4] , which gives α v µ ∼ 0.27. This is certainly more consistent with the "small µ" limit than with the "large µ" limit, though the approximation this leads to here will not be as good as the one used for the closed string case. The "small µ" limit comes from expanding and keeping the leading term in a hypergeometric function, and if we use this treatment we expect the next term to constitute a roughly 12% correction.
Following the same basic procedure we used for the 5-closed-string amplitude, we obtain the rule
Recall that when we modified the 4-closed-string amplitude for proton scattering, we found that our Reggeization procedure depended on a parameter χ g that involved the masses of the proton and the spin-2 glueball, and appeared as a consequence of the mass-shell condition. When we modified the 5-closed-string amplitude, we assumed that a similar parameter must appear, though we had less direct information as to what exactly it should be. In comparison, the modification of the 4-open-string amplitude did not end up depending on the analogous factor χ v . Consequently, we have not introduced any such factor here, either. Our choice is again slightly ambiguous, given that the mass-shell condition on the Mandelstam variables will be somewhat different for the central production process than for elastic scattering. However, since no modification involving this fact was required for the elastic proton-proton scattering case, it seems reasonable to assume that none is required for central production, either. In fact the above result may be somewhat more reliable than that obtained for the exchange of glueballs, since it does not involve introducing a parameter whose exact value we do not know. Furthermore, in the end we will find that the contributions from the exchanges of the ρ and ω Regge trajectories are larger than that for the glueballs at the energies we are interested in.
Of particular interest in the above expression is the dependence on µ. We expect the differential cross section to be maximized for small values of t 1 − t 2 , which means the amplitude scales roughly with (α v µ) −1 . This is a substantial dependence on µ which does not arise in the Reggeization of the glueballs. Most importantly, it introduces significant additional dependence on θ 34 into the result, which as will be discussed in the next section, is not consistent with experimental results.
V. PREDICTIONS FOR η CENTRAL PRODUCTION
Combining the results of the previous sections, we can now compute the total cross section for η production, and perform a Monte Carlo simulation to estimate the differential cross section. We can then discuss these results in comparison with experimental data. Our primary focus will be studying the pp → ppη process at √ s = 29.1 GeV, so as to compare the results with data from the WA102 experiment run at that energy [28, 29] . We are interested in the total cross section at that energy, as well as the differential cross section as a function of angle θ 34 , and of t 1 and t 2 . We will also make predictions for a range of s values, where we can examine the competing effects of Pomeron and Reggeon exchange.
Combining the results of sections III and IV, the Reggeized differential cross section is 
The values of all parameters appearing here are shown in table I. All of the coupling constants are derived from low energy calculations in the Sakai-Sugimoto model. The proton and η particle masses are taken from experimental data [4] , and the slope and intercept of the vector meson Regge trajectory are derived from a linear fit to known experimental mass values. The slope and intercept of the Pomeron trajectory are derived from a fit to experimental proton-proton scattering data. In evaluating the total and differential cross sections, we will restrict the t-values to the range −0.6 GeV 2 < t 1 , t 2 < 0, because outside of this range we expect significant perturbative QCD effects. The total cross section computed using this model at √ s = 29.1 GeV is
which is roughly an order of magnitude smaller than the experimental value
However, it should be remembered that coupling constants and masses computed in the Sakai-Sugimoto model are generally only accurate to around 15%, and our "small µ" approximation in the Reggeization procedure should also introduce an error of about 12%. There is also evidence based on recent experimental work involving photoproduction of the f 1 (1285) meson that the Sakai-Sugimoto model, with the values of m ρ and f π used to fix free parameters, may systematically underestimate coupling constants [30] . If all of the values of coupling constants were too small by roughly 10% − 15%, this could lead to the total cross section being suppressed by a factor of 1/3 or more.
We can also consider a range of different center-of-mass energies, √ s, shown in figure 2. As expected, at smaller values of √ s, vector meson exchange dominates; at larger values of √ s, glueball exchange dominates. For mid-range values, these two processes tend to cancel against each other, leading to a smaller total cross section. The growth of the total cross section with increasing √ s once the glueball dominates is slow, which makes sense given that the dominate scaling behavior is σ ∼ s 2(αg0−1) , which implies σ ∼ ( √ s) 0.32 . The value we are using to compare to data is shown in red: it is clear from its location that in this regime the Reggeon exchange is the dominant effect.
It is worth remembering that we chose to fix the Regge trajectory parameters for the Pomeron by using a fit to experimental high energy elastic proton-proton scattering data. This is not completely consistent with the value of the glueball mass m g that is found by using the Sakai-Sugimoto model, and if we had used it to help fix the value of α g0 , we would have gotten a larger intercept value. This in turn would imply a larger Pomeron contribution at the energy √ s = 29.1 GeV, along with a shift in the energy at which Pomeron exchange begins to play a significant role. As long as we stick with the regime where Reggeons dominate, however, this affects the results by only a small amount.
In figure 3 we show the distribution of simulated events over different values of t 1 and t 2 . Here we find that the differential cross section is maximized around t 1 , t 2 ≈ −0.05 GeV 2 . The number of events drops off significantly for larger values of |t 1 | and |t 2 |, which supports our restriction to the range −0.6 GeV 2 < t 1 , t 2 < 0. 
VI. CONCLUSIONS AND FUTURE DIRECTIONS
In this work, we built a holographic model for the central production of η mesons in proton-proton scattering via the exchange of Reggeons and Pomerons. Our model was constructed in two stages: (1) the calculation of a low-energy cross section for central η production via the exchange of mesons and glueballs, and (2) the generalization of this cross section to include the effects of exchanging full Regge trajectories (as opposed to single particles). Given this Regge regime prediction, we compared our results to experimental data and found that the total cross section was almost an order of magnitude smaller than the measured value.
Our differential cross section showed dependence on the Mandelstam variables t 1 and t 2 consistent with our expectations: the magnitude of the cross section fell off sharply for larger values of |t 1 | and |t 2 |, with comparatively insignificant contributions outside the range −0.6 GeV < t 1 , t 2 < 0, where our model best applies. More interesting was the dependence showed on θ 34 . The experimental data is clearly consistent with the dominant effect being the factor of sin 2 θ 34 associated with natural parity violation, but does not show strong evidence for any other features. In contrast, our model shows a significant asymmetry in its dependence on θ 34 that can be traced back to our Reggeization procedure for the vector mesons.
This suggests that our Reggeization procedure may not be ideal. In fact, our method involved taking the Regge limit of the string amplitudes while they were still in integral form. An alternate approach would be to write the 5-tachyon amplitude in terms of hypergeometric functions in a form with manifest symmetry under exchanges of the external particles, and only then take the Regge limit. This is more consistent with what has been done for elastic proton-proton scattering previously, and it might produce a somewhat different result, perhaps more consistent with the experimental data.
However, some of the discrepancies could arise in part from model-dependent uncertainties, and do not necessarily indicate a flaw in the Reggeization procedure (or gauge-string duality). In choosing our Regge trajectory parameters, we used a linear fit to known meson masses for the Reggeon and a fit to very high energy elastic proton-proton scattering for the Pomeron. The slope and intercept for the Pomeron trajectory obtained this way are not in close agreement with the Sakai-Sugimoto model calculation for the mass of the lowest spin-2 glueball state: the trajectory would give this a value of m g = 1.781 GeV, while the Sakai-Sugimoto model gives a value of m g = 1.485 GeV. We could instead have used the Sakai-Sugimoto glueball mass along with a fit value for the slope of the trajectory to estimate the intercept; this would have led to a larger intercept, and thus to a larger contribution to the total process by the glueballs.
In order to compute the low energy cross section via gauge-string duality, furthermore, we used the well-known Sakai-Sugimoto construction in the supergravity limit. The couplings computed in AdS/QCD models are only accurate to 10%-15%, and the terms in our cross section each carry six factors of coupling constants, all told, making our results reasonably consistent with experimental values. Interestingly, our results also corroborate the recent suggestion from experimental measurement of f 1 photoproduction [30] , that the Sakai-Sugimoto model systematically underestimates the values of low-energy coupling constants involved in these Regge regime processes. It would be interesting to explore corrections to these parameters as one departs from the strict supergravity limit of vanishing string length.
Over all, our model for central η production is in weak agreement with the experimental data, but it may still be consistent with the quality of agreement between the Sakai-Sugimoto model and experimental results that have been obtained elsewhere. Discrepancies between the two may add to our understanding of the limitations of AdS/QCD models, and perhaps to ways in which they might be improved. 
where each term is in the formÃ 
Suppose we begin with a t-channel propagator associated to the exchange of a single particle (string state), and we want to replace this with a propagator that takes into account the exchange of a whole Regge trajectory, in the Regge limit. What we want to do is compare the expansion of the string amplitude around the appropriate pole with the same amplitude's Regge limit. We find that of the three terms above, onlyÃ o (s, t) andÃ o (u, t) have the right behavior in the Regge limit, and only these have poles in the t-channel. Thus we can ignoreÃ o (s, u). The other two each have poles associated with a 0 (t) = n, where n is any non-negative integer. The pole expansion then gives
(A4) while the Regge limits arẽ
Suppose we want to model the exchange of a Reggeon consisting just of the odd spin string states, using the vector (spin 1) particle propagator. Then it's clear we must take the difference betweenÃ o (s, t) andÃ o (u, t) as our starting point: this projects out the even spin particles. Thus we could write
and comparing the expansion around a o (t) = 1 to the Regge limit gives
b. Modifications for Physical Reggeons and Proton-Proton Scattering
If instead we want to use physical Reggeons, which will consist of a trajectory of odd spin particles for which the lowest spin particle is a vector meson, we need to start with a physical trajectory
such that the meson trajectory (either ρ or ω) has
If we are modeling elastic proton-proton scattering we also need to assume s + t + u = 4m 2 p and therefore
We then should start with a "string inspired" amplitude, which will have poles where α v (t) is an odd integer, the lowest of which will correspond to the vector meson. Written in terms of just s and t, we will say this is
A pole expansion of this expression around the α v (t) = 1 pole then gives
and the Regge limit is
Putting these pieces together leads to the Reggeization prescription
2. Closed 4-String Process a. In Bosonic String Theory
Now we want to repeat this process for closed Bosonic strings, where the 4-tachyon amplitude is
If we expand this around the α g (t) = 2 pole, we obtain
and on the other hand the Regge limit is
so this leads to the Reggeization procedure
3. Closed 5-String Process a. In Bosonic String Theory
The 5-tachyon scattering amplitude in closed bosonic string theory can be written in terms of a double integral, where each integral is over the complex plane, as
In the Regge limit, this integral is dominated by the region where
which allows us to rewrite it as 
We can perform this integral in two separate cases: where
is large, and where it is small. In each case we follow methods laid out in the appendix to [24] .
Supposing that α µ 4 is large, it is necessary to split it up into four pieces, depending on the signs of the real parts of u and v, and choose s 1 and s 2 to have appropriate signs so that each piece separately converges. We can then perform a change of variables
for each piece. This leads to
We can then expand in 4 α µ as a small parameter. The leading term will simply give us
which is clearly just two copies of the Regge limit of the 4-string amplitude. On the other hand, if α µ 4 is small it makes more sense to use a change of variables that will replace either the integral over u or the integral over v with an integral over uv. In fact, we must do each of these and add the results, because each captures a different saddle point present in the original integral. That is, we can write
b. Modifications for Physical Pomerons and Proton-Proton Scattering
Now we need to establish how to modify the Reggeization procedure to account for the physical Pomeron trajectory and the masses of the protons. To do this properly we ought to begin by writing the exact amplitude in a way that is symmetric in all five external particle momenta, and then use the appropriate mass-shell conditions to rewrite this in terms of {s, s 1 , s 2 , t 1 , t 2 } and the masses of the particles. Our experience with the 4-string process suggests that in doing so we would introduce a dependence on factors such as the χ g we saw earlier. Since we do not have the amplitude in closed form, we will instead simply propose the following modification, which ensures the correct pole structure and is based on what we saw for the 4-string amplitude: In the Regge limit, these integrals should be dominated by regions near the four points in the xy-plane given by
We can split up the regions of integration to produce four terms of the form 
each of which contains one of these saddle points. These four terms are analogous to the termsÃ o (s, t) andÃ o (u, t) we have in the 4-string case, and we will want to take a linear combination of them in order to project out poles associated with the exchange of even spin particles. Specifically, the combination 
will work (as will become apparent shortly.) With an appropriate change of variables, we can rewrite them as 
Again, at this point our treatment will be different depending on whether α µ is large, or small. If it is large, then we should proceed by performing the change of variables w = ∓α s 1 x, z = ∓α s 2 y 
If we then expand in the small parameter 1 α µ , the leading term will just give us
Then we have (A55) Note that at this stage it is very clear the above linear combination will have no poles for a o (t i ) equal to an even integer, and (just as we did for the closed 5-string amplitude when µ was large), we are essentially obtaining two copies of the 4-string result.
On the other hand, if we have α µ small, we should replace either the integral over x or the integral over y with an integral over xy, and in fact each of these captures the effect of a different saddle point, so we need to do both and add them together, givingÃ ±,± o Regge,α µ 1 ≈ I ±,± (s 1 , t 1 , s 2 , t 2 ) + I ±,± (s 2 , t 2 , s 1 , t 1 ) , 
We can expand this in the small parameter α µ, and the leading term just gives As with the 5-closed-string case, we can now work out what the appropriate Reggeization procedure must be when α µ is small by assuming that the Reggeization for large α µ is just two copies of the 4-string procedure. This gives 
Finally, we need to incorporate the modifications to this Reggeization procedure that follow from assuming we are looking at a physical trajectory of mesons (either the ρ or the ω trajectory) and that the incoming and outgoing particles are protons and an η meson. However, based on what we saw for the 4-string case, it is reasonable to assume that the only change should be replacing the open string Regge trajectory a o (x) with the physical Regge trajectory α v (x), which leads to 
